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Motivic equivalence of algebraic groups
Charles De Clercq
Abstract. Two semisimple algebraic groups of the same type are said to be motivic equivalent if
the motives of the associated projective homogeneous varieties of the same type are isomorphic. We
give general criteria of motivic equivalence in terms of the so-called higher Tits p-indices of algebraic
groups. These results allow to give a complete classification of absolutely simple classical groups up to
motivic equivalence in terms of the underlying algebraic structures. Among other applications of this
classification, we deduce that there is a bijection between the stable birational equivalence classes of
Severi-Brauer varieties of fixed dimension and the motivic equivalence classes of projective linear groups
of the same rank.
In this note we fix a prime p and a base field F . By motive, we will always mean Grothendieck
Chow motives with coefficients in Fp, i.e. we will work in the category CM(F ;Fp) (see [5]). Let
G and G′ be two semisimple algebraic groups which are twisted forms of the same algebraic
group over the separable closure of the base field. We say that G and G′ are ∗-equivalent if the
∗-action on the Dynkin diagram of G and G′ coincide.
Recall that one can associate to any projective G-homogeneous variety X a ∗-invariant subset
Θ of the Dynkin diagram ∆G of G. The isomorphism class of the projective G-homogeneous
varieties of type Θ is denoted by XΘ,G. We fix the convention that X∆G,G is the isomorphism
class of the variety of Borel subgroups of G, and we will often abuse notation and write XΘ,G
for a fixed projective G-homogeneous variety of type Θ, and FΘ,G for the function field of XΘ,G.
Consider a finite and separable field extension L/F and a smooth projective L-variety Y .
The corestriction cor L/F (Y ) of Y to F is the F -variety Y given by the composition Spec(L)→
Spec(F ) (see [11]). This functor on smooth projective varieties induces the corestriction functor
cor L/F : CM(L;Fp) −→ CM(F ;Fp) on motives.
Let G be a semisimple algebraic group and E/F a minimal field extension such that GE is of
inner type. If Θ is a subset of ∆G, consider a minimal field extension L/F contained in E such
that Θ is ∗-invariant for GL. We associate to the subset Θ the following data :
(1) MΘ,G is the motive corL/F (XΘ,GL);
(2) UΘ,G is the upper motive of MΘ,G (see [10], [11]).
The motive MΘ,G (resp. UΘ,G) is the standard motive of type Θ (resp. standard upper motive
of type Θ) of G.
Definition 0.1. Two semisimple and ∗-equivalent algebraic groups G and G′ are motivic-
equivalent modulo p if for any subset Θ of the common Dynkin diagram of G and G′, the
standard motives of type Θ of G and G′ are isomorphic. If G and G′ are motivic equivalent
modulo p for any prime p, we will say that the algebraic groups G and G′ are motivic equivalent.
1
21. Upper equivalence and tractable field extensions
Let X and Y be two smooth projective varieties over F . The variety Y dominates X if there
is a multiplicity 1 correspondence Y  X (with coefficients in Fp). If moreover X dominates Y ,
the varieties X and Y are said to be p-equivalent.
Definition 1.1. Two semisimple and ∗-equivalent algebraic groups G and G′ are upper-equivalent
if for any subset Θ of the common Dynkin diagram of G and G′, the varieties XΘ,G and XΘ,G′
are p-equivalent.
From now on, we will only consider semisimple p-inner algebraic groups, i.e. semisimple
algebraic groups which become of inner type over a finite Galois field extension E/F whose
degree is a power of p. We say that Y is a quasi-G-homogeneous variety if Y is the corestriction
to F of a projective GL-homogeneous variety for some intermediate field extension E/L/F . The
upper motive of a projective quasi-G-homogeneous variety Y is denoted by UY . According to
[10], two quasi-G-homogeneous varieties are p-equivalent if and only if their upper motives are
isomorphic. In particular semisimple algebraic groups G and G′ are upper equivalent if and only
if for any subset Θ, the standard upper motives UΘ,G and UΘ,G′ are isomorphic.
Definition 1.2. Let G be a semisimple algebraic group and X be a projective G-homogeneous
variety. A field extension L/F is tractable for X if for any two quasi-G-homogeneous varieties Y
and Y ′ which dominate X, YL and Y
′
L are p-equivalent if and only if Y and Y
′ are p-equivalent.
The class of tractable field extensions for X is obviously stable by sub-extensions and com-
position. Unirational field extensions are tractable for any projective homogeneous variety X.
An essential observation is Lemma 1.4, which asserts that the function field of a projective
homogeneous variety X is tractable for X.
We will see in Proposition 1.3 that these extensions may be used to reconstruct the motive of
a projective homogeneous variety over the base field. For the sake of formalizing this property,
we introduce some material.
For any semisimple p-inner algebraic group G of over F , let CMG(F ;Fp) be the thick subcat-
egory of CM(F ;Fp) generated by twisted direct summands of projective quasi-G-homogeneous
varieties. The set of the upper motives of G, denoted by UG, is the set of all the isomorphism
classes of upper motives of projective quasi-G-homogeneous varieties. For anyM ∈ CMG(F ;Fp),
the characteristic function of M is defined as
ΦM :
UG × Z −→ N
(U, i) 7−→ ♯{direct summands of M isomorphic to U [i]}
.
Note that if G and G′ are both p-inner and are upper equivalent, two motives M and M ′ which
belong to CMG(F ;Fp)=CMG′(F ;Fp) are isomorphic if and only if ΦM = ΦM ′ .
For any motive M ∈ CMG(F ;Fp), we denote by M
≥i (resp. M≤i) the motive which is given
by the direct sum of all the direct summands of M which are upper motives shifted by some
j ≥ i (resp. j ≤ i). We also define M<i and M>i in the same way.
3Proposition 1.3. Assume L/F is a tractable field extension for a projective G-homogeneous
variety X of type Θ. For any projective quasi-G-homogeneous variety Y dominating X,
ΦMΘ,G(UY , i) = Φ(MΘ,GL)
(UYL , i) − Φ(M<iΘ,G)L
(UYL , i).
Proof. The motivic decomposition MΘ,G =M
≥i
Θ,G ⊕M
<i
Θ,G yields
ΦMΘ,GL (UYL , i) = Φ(M≥iΘ,G)K
(UYL , i) + Φ(M<iΘ,G)K
(UYL , i),
we thus have to show that ΦMΘ,G(UY , i) = Φ(M≥iΘ,G)L
(UYL , i).
Consider a direct summand M of (M≥iΘ,G)L which is isomorphic to UYL [i]. By the Krull-
Schmidt property, the motive M comes from an indecomposable summand N of M≥iΘ,G. The
theory of upper motives asserts that N is isomorphic to some UY ′ [j], where Y
′ is a projective
quasi-G-homogeneous variety which dominates X.
One easily sees that by the definition of M≥iΘ,G , i is equal to j and the upper motive of NL
must be isomorphic to UYL [i]. However the upper motive of NL being isomorphic to UY ′L , we
get an isomorphism between UYL and UY ′L . Since by assumption the field extension L/F is
tractable for X, the motives UY and UY ′ are isomorphic. We thus have shown that the number
of direct summands isomorphic to UY [i] in the motivic decomposition of M
≥i
Θ,G is the same as
the number of indecomposable summands isomorphic to UYL [i] inside (M
≥i
Θ,G)L, that is to say
Φ
M≥iΘ,G
(UY , i) = Φ(M≥iΘ,G)L
(UYL , i). By the very definition of M
≥i
Θ,G, the left side of this equality is
precisely ΦMΘ,G(UY , i). 
Note that if G, G′ are two upper-equivalent algebraic groups and Θ is a ∗-invariant subset for
both G and G′, a field extension L/F is tractable for XΘ,G if and only if it is tractable for XΘ,G′ .
Lemma 1.4. Let G be a semisimple algebraic group and let X be a projective G-homogeneous
variety. The function field F (X)/F is tractable field extension for X.
Proof. We borrow the proof from [9, Proof of Proposition 2.4]. Consider two projective quasi-
G-homogeneous varieties Y and Y ′ which dominate X. The motives UYF (X) and UY ′F (X)
are
isomorphic if and only if the F (X)-varieties YF (X) and Y
′
F (X) are p-equivalent. Since Y dominates
X, the variety XF (Y ) has a closed point whose residue field L/F (Y ) is of degree coprime to p.
The function field L(X) of the L-variety XL is a purely transcendental extension of L, since the
projective GL-homogeneous variety XL is isotropic.
Now by assumption YF (X) dominates Y
′
F (X), thus the variety Y
′ has a 0-cycle of degree coprime
to p over the free composite of the function fields F (Y ) and F (X), hence over its extension L(X).
The homotopy invariance of Chow groups yields a 0-cycle of degree coprime to p on Y ′L, hence
over F (Y ) and Y ′ dominates Y . Replacing Y by Y ′, we get another multiplicity 1 correspondence
Y ′  Y , and thus Y and Y ′ are p-equivalent. 
42. General criterion of motivic equivalence
Let G be a semisimple algebraic group and Θ be an ∗-invariant subset of the Dynkin diagram
of G such that the variety XΘ,G is isotropic. In the same way as in [2, Section 2], we denote by
GΘ the semisimple part of a Levi subgroup of a parabolic subgroup of G of type Θ.
Lemma 2.1. If G and G′ are upper equivalent and Θ is a subset of the common Dynkin diagram
of G and G′, then GΘ and G
′
Θ are upper-equivalent.
Proof. The groups GΘ and G
′
Θ are isomorphic over Fsep with the same Dynkin diagram ∆ \Θ.
Consider a subset Θ˜ of ∆ \Θ, and denote by X (resp. Y ) the variety XΘ˜,GΘ (resp. XΘ˜,G′Θ
). By
assumption the varieties XΘ˜,G and XΘ˜,G′ are p-equivalent. Since by [12, Theorem 3.18] the field
extension FΘ˜,G′/F (Y ) is purely transcendental, Y dominates XΘ˜,G. The variety (XΘ˜,G)F (Y ) has
thus a closed point whose residue field L/F (Y ) is a field extension of degree coprime to p.
The L-varietyXΘ˜,GL is projective homogeneous and isotropic, thus the field extension LΘ˜,GL/L
is purely transcendental. The projective GΘ-homogeneous variety X has a 0-cycle of degree
coprime to p over the function field LΘ˜,GL . The homotopy invariance of Chow groups yields
a 0-cycle of degree coprime to p on XL, hence Y dominates X. Applying the same procedure
exchanging X and Y , the varieties X and Y are p-equivalent. Since the subset Θ˜ of ∆ \ Θ is
arbitrary, the algebraic groups GΘ and G
′
Θ are upper-equivalent. 
Theorem 2.2. Two semisimple and p-inner algebraic groups are motivic equivalent modulo p if
and only if they are upper-equivalent.
Proof. The fact that two motivic equivalent algebraic groups G and G′ modulo p are upper
motivic-equivalent follows from the Krull-Schmidt property of quasi-homogeneous varieties. We
prove the converse for all semisimple algebraic groups over any field by induction on the common
rank of G and G′, i.e. the number of vertices of their common Dynkin diagram.
The base of the induction where the rank is 0 is clear. Now assume that rk(G) > 0 and
consider a subset Θ of the common Dynkin diagram ∆ of G and G′. Excluding the trivial case
where Θ is empty, we prove the result in three steps : we first prove the result in the case where
G and G′ both contain an F -defined parabolic subgroup of type Θ. We then deal with the case
where the subset Θ is ∗-invariant for both G and G′, before treating the general case.
According to [2, Theorem 7.5] (see also [1]), the motive of XΘ,G decomposes into a direct sum
of shifts of projective GΘ-varieties as long as G contains parabolic subgroup of type Θ. Moreover
the shifts as well as the types of varieties appearing in this decomposition are determined by the
data of the subset Θ and the ∗-action on the Dynkin diagram of G. The motive of XΘ,G′ also
decomposes in the same way as a direct sum of shifts of projective G′Θ-homogeneous varieties,
since XΘ,G′ is isotropic. The algebraic groups GΘ and G
′
Θ are upper equivalent by lemma 2.1
and rk(GΘ) < rk(G). Those two decomposition coincide and thus the motives of XΘ,G and
XΘ,G′ are isomorphic by the induction hypothesis.
We now show how the result in the case where Θ is ∗-invariant for bothG andG′. First, observe
that the free composite L = FΘ,G.FΘ,G′ of the function fields of the varieties XΘ,G and XΘ,G′ is
a tractable field extension for XΘ,G. Indeed, let Y and Y
′ be two quasi-G-homogeneous varieties
which dominate XΘ,G, and such that UYL and UY ′L are isomorphic. Since G and G
′ are upper
5equivalent, Y and Y ′ also dominate XΘ,G′ , and through the external product of Chow groups
the varieties Y and Y ′ both dominate the projective G×G′-homogeneous variety XΘ,G×XΘ,G′.
Since the field extension L corresponds to the function field of the F -variety XΘ,G ×XΘ,G′ , the
motives UY and UY ′ are isomorphic by Lemma 1.4.
Assume that the motives MΘ,G and MΘ,G′ are not isomorphic. The characteristic function
of those motives differ, thus we may choose the least integer i0 such that the number of inde-
composable summands of MΘ,G and MΘ,G′ isomorphic to UY differ, for some variety Y . The
algebraic groups G and G′ both contain a parabolic subgroup of type Θ over the free composite
FΘ,G.FΘ,G′ , thus by the previous discussion the motives of XΘ,GL and XΘ,G′L are isomorphic. It
follows by Proposition 1.3 that
ΦMΘ,G(UY , i0) = Φ(MΘ,G)L(UYL , i0)− Φ(M<i0Θ,G)L
(UYL , i0)
= Φ(MΘ,G′ )L(UYL , i0)− Φ(M<i0
Θ,G′
)L
(UYL , i0)
= ΦMΘ,G′ (UY , i0).
which contradicts the definition of i0. In particular ΦMΘ,G = ΦMΘ,G′ and the motives of XΘ,G
and XΘ,G′ are isomorphic.
Finally if Θ is an arbitrary subset of the common Dynkin diagram of G and G′, take a minimal
field extension K/F such that Θ is ∗-invariant for GK . As G and G
′ are ∗-equivalent, K is also
a minimal field extension such that Θ is ∗-invariant for G′K . The previous discussion shows that
the motives of the K-varieties MΘ,GK and MΘ,G′K are isomorphic. Since MΘ,G and MΘ,G
′ are
the images of those motives through the corestriction functor corK/L, the algebraic groups G
and G′ are motivic equivalent modulo p. 
3. Upper motives and the higher Tits indices
The following result of Vishik shows that the motive of quadrics is essentially determined
by the splitting behaviour of the associated quadratic form (see [8, Criterion 0.1] for a proof
available in all characteristic different from 2).
Criterion 3.1 ([14, Thm 4.18],[15, Thm 1.4.1]). Let q and q′ be quadratic forms over F of the
same dimension. The motives M(Q) and M(Q′) with coefficients in Z of the associated quadrics
are isomorphic if and only if for any field extension E/F , the Witt indices of qE and q
′
E coincide.
We will now relate the notion of motivic equivalence and the splitting behaviour of algebraic
groups. The set of the higher Tits indices are classical invariants which control the splitting of
semisimple algebraic groups. For any semisimple algebraic G, the Tits index of G is given by
the data of the Dynkin diagram of G, a fixed subset of its vertices which is shaded, and the
so-called ∗-action of the absolute Galois group (see [13]). A subset Θ is shaded in the Tits index
of G if and only if the type the parabolic subgroups of type Θ of G are defined over the base
field. Denoting by Fields/F the category of the field extensions of F , the higher Tits index of
a semisimple algebraic group G is the functor Tits(G) : Fields/F −→ Set which maps a field
extension E/F to the Tits index of GE .
6We define the p-local version of the Tits index as follows. The Tits p-index of G consists of the
data of the Dynkin diagram of G endowed with the ∗-action of the absolute Galois group of F ,
and a fixed subset of its vertices which is shaded. A subset Θ is shaded in this Dynkin diagram
if the variety XΘ,G has a zero-cycle of degree coprime to p. The higher Tits p-index of G is the
functor Titsp(G) : Fields/F −→ Set which maps a field extension E/F to the Tits p-index of
GE .
Even though at a first glance the fact that the motivic equivalence of algebraic groups is
defined for motives with coefficients in Fp can be seen as a weakness, we will see that it is quite
the opposite. The deep connections between motives and the higher Tits indices provided in the
sequel don’t hold for motives with coefficients in Z.
In some sense these results show that motives with coefficients in Fp behave much better
than motives with coefficients in Z, notably in the study of the rational geometry of projective
homogeneous varieties. An example of this difference is given by Karpenko’s criterion of motivic
equivalence of Severi-Brauer varieties [8, Criterion 7.1], which can be seen as an evidence of the
fact that the isomorphism classes of motives with coefficients in Z is not a birational invariant
of Severi-Brauer varieties (compare with Corollary 4.3).
Definition 3.2. Let p be a prime and G be a semisimple algebraic group. We say that G satisfies
the property (Hp) if G is p-inner and if for any projective G-homogeneous variety X and any
field extension E/F , the variety XE is isotropic if and only if it has a 0-cycle of degree coprime
to p.
For instance, an absolutely simple adjoint algebraic group of inner type An satisfies (Hp) if
and only if it is isomorphic to PGL(A), for some central simple algebra A whose index is a power
of p. If q is a quadratic form defined over F , the special orthogonal group SO(q) of q satisfies
(H2) by Springer’s theorem.
Theorem 3.3. Two semisimple p-inner algebraic groups G and G′ are motivic equivalent modulo
p if and only if the higher Tits p-indices of G and G′ are equal.
Proof. If the higher Tits indices coincide over any field extension, then a projectiveG-homogeneous
variety of type Θ has a 0-cycle of degree coprime to p over the function field of a projective G′-
homogeneous variety of the same type, and vice-versa. The varieties XΘ,G and XΘ,G′ are thus
p-equivalent, and in particular G and G′ are upper equivalent, hence motivic equivalent modulo
p by Theorem 2.2.
For the converse, fix an arbitrary field extension E/F and denote Titsp(G)(E) by Θ0 (resp.
Titsp(G
′)(E) by Θ′0). The variety XΘ0,G is isotropic over a residue field L which is a coprime to
p field extension of E. Since XΘ0,G′ has a 0-cycle of degree coprime to p over the function field
FΘ0,G, it is also the case over the function field LΘ0,G, hence over L since the field extension
LΘ0,G/L is purely transcendental. The variety XΘ0,G′ has thus a zero-cycle of degree coprime
to p over E. The subset Θ0 is thus shaded in the Tits p-index of G
′
E , i.e. Θ0 is a subset of Θ
′
0.
Exchanging the roles of G and G′ yields the inclusion in the other direction, therefore the Tits
p-indices of GE and G
′
E coincide. 
Corollary 3.4. Assume that G and G′ are p-inner and satisfy the property (Hp). Then G and
G′ are motivic equivalent if and only if the higher Tits indices of G and G′ are equal.
7We will provide the higher Tits (p)-indices for the different algebraic groups of classical type in
order to give complete criteria for motivic equivalence of these groups in terms of the underlying
algebraic structures.
4. Motivic equivalence for algebraic groups of inner type An
An absolutely simple adjoint algebraic group G of inner type An is isomorphic to the projective
linear group PGL(A) of a central simple algebra A of degree n + 1. Let Θ = {αi1 , ..., αik} be a
fixed subset of the Dynkin diagram of G. Any projective G-homogeneous variety of type Θ is
isomorphic to the variety X(i1, ..., ik ;A) of flags of right ideals of reduced dimension i1, ..., ik in
A.
The description of the Tits index of G is given in [13]. Fixing a prime p, we denote by dp the
p-adic valuation of the index of A, the Tits p-index of PGL(A) is given by
An
α
1
α
2
α
dp
α
2dp
α
rdp
αn
Theorem 3.3 allow to give purely algebraic criterion for motivic equivalence of projective linear
groups.
Criterion 4.1 (Inner type An criterion). Let A and B be two central simple F -algebras of the
same degree. The projective linear groups PGL(A) and PGL(B) are motivic equivalent modulo
p if and only if the classes of the p-primary components of A and B generate the same subgroup
in the Brauer group of F .
Proof. The functors Titsp(PGL(A)) and Titsp(PGL(B)) are equal if and only if for any field
extension E/F , the index of the p-primary components of AE and BE coincide. This condition
is well-known to be equivalent to the fact that these algebras generate the same subgroup in the
Brauer group of F . 
As mentioned before, the above classification contrasts with Karpenko’s [8, Criterion 7.1].
Assorted with the motivic dichotomy of projective linear groups, the following results hold.
Corollary 4.2. Let A and B be two central simple algebras of the same degree and fix a sequence
i1, ..., ik such that X = X(i1, ..., ik ;A) and Y = X(i1, ..., ik;B) are anisotropic. The following
conditions are equivalent :
(1) the motives of X and Y are isomorphic with coefficients in Fp;
(2) the upper motives of X and Y are isomorphic;
(3) the varieties X and Y are p-equivalent;
(4) the projective linear groups PGL(A) and PGL(B) are motivic equivalent modulo p.
Proof. The upper motives of X and Y are both isomorphic to some upper motives M and M ′ of
the projective linear groups associated to the division algebras Ap and Bp Brauer equivalent to
the p-primary components of A and B, respectively. If X is anisotropic and the upper motives
UX and UY are isomorphic, then the projective linear groups of PGL(Ap) and PGL(Bp) are
upper-equivalent, according [3, Theorem 4.4] (see also [4]). Criterion 5.2 then implies that the
8projective linear groups associated to A and B are motivic equivalent modulo p, hence the
motives of X and Y are isomorphic. 
These results show that the good motivic invariant to study the rational geometry of Severi-
Brauer varieties is the collection of all the motives with Fp coefficients.
Corollary 4.3. Let A and B be two central simple algebras of the same degree. The Severi-
Brauer varieties SB(A) and SB(B) are stably birationally equivalent if and only if the projective
linear groups PGL(A) and PGL(B) are motivic equivalent.
Proof. The Severi-Brauer varieties SB(A) and SB(B) are stably birationally equivalent if and
only if for any field extension E/F and any prime p, the index of the p-primary components
of AE and BE are equal. This conditions is equivalent to the motivic equivalence modulo p of
PGL(A) and PGL(B), for any prime p. 
5. Motivic equivalence of orthogonal groups
If q is a non-degenerate quadratic form over a field F of characteristic different from 2, the
special orthogonal group SO(q) is either of type Bn or Dn, whether the dimension of q is odd
or even. The Tits indices of orthogonal groups are provided in [13]. We higher Tits p-indices of
orthogonal groups are as follows. If the prime p is odd, the Tits p-index of SO(q) contains all
the vertices of its Dynkin diagram. The only interesting prime is thus p = 2, and SO(q) satisfies
(H2) by Springer’s theorem. The functors Tits(G) and Tits2(G) are thus equal, and we now
assume that p = 2.
If either dim(q) is odd or has trivial discriminant and even dimension, the orthogonal group
of q is of inner type and thus the motivic equivalence of such groups is determined by Theorem
3.4. We thus focus in this section on the case of orthogonal groups of outer type Dn.
Lemma 5.1. Let q and q′ be two quadratic forms over F , such that dim(q) = dim(q′). If the
orthogonal groups SO(q) and SO(q′) are upper equivalent, then for any field extension E/F , the
Witt indices of qE and q
′
E coincide.
Proof. Since the result corresponds to Proposition 3.4 for odd dimensional quadratic forms, we
assume here that dim(q) = 2k. Assume that SO(q) and SO(q′) are upper-equivalent, and fix a
field extension E/F . We may exchange q and q′ and thus assume that iW (qE) = i is greater than
iW (q
′
E). We assume first that i is at most k − 1. In this case the variety X(i; qE) is isotropic,
hence the field extension E{i},SO(q)/E is purely transcendental. The upper motives U{i},SO(q) and
U{i},SO(q′) are isomorphic, thus the variety X(i; q
′) has a rational point over E{i},SO(q). The Witt
index of q′E is thus greater than i, and iW (qE) = iW (q
′
E). Now if iW (qE) = k, the orthogonal
group SO(qE) is split and its set of upper motives is reduced to the shifts of the Tate motive. Since
SO(q) and SO(q′) are upper equivalent, the motive of the quadric associated to q′ isomorphic to
a direct sum of Tate motives, therefore iW (q
′
E) = k. 
Criterion 5.2 (Criterion for orthogonal groups). Let q and q′ be two quadratic forms of the
same dimension. The orthogonal groups SO(q) and SO(q′) are motivic equivalent if and only if
for any field extension E/F , the Witt indices of qE and q
′
E coincide.
9Proof. The sufficient condition is given by lemma 5.1. Assuming that for any field extension E/F
the Witt indices of qE and q
′
E are equal, the associated orthogonal groups SO(q) and SO(q
′) are
∗-equivalent by [8, Lemma 2.6], it thus remains to apply Theorem 2.2. 
Note that even though the above criterion is stated in the context of motives with coefficients
in F2, the result covers Vishik’s criterion for the motivic equivalence of quadrics, since by [15], [6,
Theorem 1] (see also [7, The´ore`me E.11.2]), the change of coefficients functor induces a bijection
between the set of isomorphism classes of motives of quadrics with coefficients in Z and F2.
Assorted with Vishik’s criterion, we get the following.
Corollary 5.3. Let q and q′ be two quadratic forms of the same dimension. The motives of
the associated quadrics are isomorphic (with either coefficients in Z or F2) if and only if the
orthogonal groups SO(q) and SO(q′) are motivic equivalent.
6. Motivic equivalence and central simple algebras with involutions
We now briefly describe the situation for other absolutely simple algebraic groups of classical
type and inner type which are associated with central simple algebras with involutions. Again
in the case where p is an odd prime, all the vertices of the Dynkin diagram of such groups are
shaded in their Tits p-index. We thus assume in the sequel that p = 2 and we also assume that
char(F ) is not 2.
We briefly recall some notions on the invariants associated to central simple algebras with
involutions. Assume that (A, σ) is a central simple algebra with involution and I is a right ideal
in A. The orthogonal ideal I⊥ of I is defined as the annihilator of the left ideal σ(I). An ideal I
is said to be isotropic if I ⊂ I⊥. The index of the central simple algebras (A, σ) with involution
is the set of the reduced dimensions of the isotropic right ideals of A.
Definition 6.1. Let (A, σ) be a central simple algebra with involution. The p-index of (A, σ) is
the union of the indices of the (AL, σL), where L goes through all the field extensions of F of
degree coprime to p.
Criterion 6.2 (Type Cn criterion). Let (A, σ) and (B, τ) be two central simple algebras of the
same degree endowed with symplectic involutions of the first kind. The algebraic groups Aut(A, σ)˚
and Aut(B, τ )˚ are motivic equivalent if and only if for any field extension E/F , the 2-indices of
(AE , σE) and (BE , τE) are equal.
Criterion 6.3 (Inner type Dn criterion). Let (A, σ) and (B, τ) be two central simple algebras
of the same degree endowed with orthogonal involutions. The algebraic groups Aut(A, σ)˚ and
Aut(B, τ )˚ are motivic equivalent if and only if for any field extension E/F , the 2-indices of
(AE , σE) and (BE , τE) are equal.
References
1. Brosnan, P. On motivic decompositions arising from the method of Bialynicki-Birula, Invent. Math. 161, n˚ 1,
2005.
2. Chernousov, V., Gille, S., Merkurjev, A. Motivic decomposition of isotropic projective homogeneous
varieties, Duke Math. J., 126(1) :137-159, 2005.
10
3. De Clercq, C. Classification of upper motives of algebraic groups of inner type An, C. R. Math. Acad. Sci.
Paris 349, volume 7-8, 433–436, 2011.
4. De Clercq, C. Upper motives of products of projective linear groups, to appear in Journal of the Ramanujan
Mathematical Society.
5. Elman, R., Karpenko, N., Merkurjev, A. The Algebraic and Geometric Theory of Quadratic Forms, AMS
Colloquium Publications, Vol. 56, 2008.
6. Haution, O. Lifting of coefficients for Chow motives of quadrics, in Quadratic forms, linear algebraic groups,
and cohomology, 239–247, Dev. Math., 18, Springer 2010.
7. Kahn, B. Formes quadratiques sur un corps, Collection Cours spe´cialise´s, Socie´te´ Mathe´matique de France,
2009.
8. Karpenko, N. Criteria of motivic equivalence for quadratic forms and central simple algebras, Math. Ann.
317, no. 3, 585-6, 2000.
9. Karpenko, N. Sufficiently generic orthogonal grassmannians, J. Algebra 372, 365–375, 2012.
10. Karpenko, N. Upper motives of algebraic groups and incompressibility of Severi-Brauer varieties, to appear
in J. Reine Angew. Math.
11. Karpenko, N. Upper motives of outer algebraic groups, in Quadratic forms, linear algebraic groups, and
cohomology, vol. 18 of Dev. Math. Springer, New York, pp. 249–258, 2010.
12. Kersten, I., Rehmann, U., Generic splitting of reductive groups, Tohoku Math. J. (2) 46, no. 1, 35–70, 1994.
13. Tits, J. Classification of algebraic semisimple groups, Proc. Sympos. Pure Math. IX (1966), 33-62.
14. Vishik, A. Motives of quadrics with applications to the theory of quadratic forms, Lect. Notes in Math. 1835,
Proceedings of the Summer School ”Geometric Methods in the Algebraic Theory of Quadratic Forms, Lens
2000”, 25-101, 2004.
15. Vishik, A. Integral motives of quadrics, MPIM-preprint (13), 1-82, 1998.
